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On the Uniqueness of Near Polygons with Three Points on Every Line
BART DE BRUYN†
We give a sufficient condition for the existence of an isomorphism between two near polygons with
three points on every line and quads through every two points at distance 2. We show how this can be
used to prove the uniqueness of certain near polygons.
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1. DEFINITIONS AND MAIN RESULT
A near polygon S is a partial linear space with the property that every line L contains a
unique point piL(p) nearest to a given point p. Here distances are measured in the collinear-
ity graph 0. If d is the (finite) diameter of 0, then the near polygon is called a near 2d-gon.
A near 0-gon consists of one point, a near 2-gon is a line, and the class of the near quad-
rangles coincides with the class of the generalized quadrangles (GQ’s, [6, 9]), which were
introduced by Tits in [8]. Near polygons themselves were introduced by Shult and Yanushka
in [7] because of their relationship with certain systems of lines in Euclidean spaces. We refer
to [4] and [5] for a survey of the most important notions and results regarding near polygons.
For two lines K and L of a near polygon, let d(K , L) denote the minimal distance between
two points of K and L . There are two possibilities. Either there exist unique points k ∈ K
and l ∈ L such that d(K , L) = d(k, l), or, for every point k ∈ K there exists a unique l ∈ L
such that d(K , L) = d(k, l). In the latter case K and L are called parallel (K‖L). If S has at
least three points on every line and if every two points at mutual distance 2 have at least two
common neighbours, then, by Theorem 4 of [3], every two points at distance δ are contained
in a unique geodetically closed sub near 2δ-gon. Geodetically closed subGQ’s are also called
quads. The incidence structure determined by the lines and quads through a point x is called
the local space at x .
Let H be a geodetically closed sub near polygon of S, and let x be a point outside H. If x
is collinear with a point of H, then this point is unique and denoted by pi(x). If the line xpi(x)
contains three points, then the third point of the line xpi(x) is called the reflection of x around
H. In particular, if S is a near polygon with three points on each line and if L and K are two
parallel lines of S satisfying d(K , L) = 1, then the reflection of each point of L around K
can be defined. The set of reflections of points on L around K is called the reflection of L
around K . A geodetically closed sub near polygons H is called big ([2], Section 4) if every
point outside H is collinear with a unique point of H. In this paper we restrict ourselves to
those near 2d-gons S which satisfy the following properties:
(A) every line is incident with exactly three points,
(B) every two points at distance two have at least two common neighbours,
(C) S has a big geodetically closed sub near 2(d − 1)-gon H.
Almost all known near 2d-gons which satisfy (A) and (B) also satisfy (C). The counter
examples are the near hexagons T1 and T2 related to the unique Steiner system S(5, 8, 24) and
the extended ternary Golay code, respectively (see [7]), and an infinite class of near polygons
obtained by glueing some isomorphic copies of T2 ([4]). For every pair (S,H) satisfying (A),
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(B) and (C), the map sending a point not on (resp. on) H to its reflection around H (resp. to
itself) is called the reflection around H (cf. [2, Proposition 4.3]). It is an automorphism of S
of order 2. Thus the image (called the reflection aroundH as well) of a substructure of S such
as a line or a subgrid (which is itself a quad or properly contained in a quad) is a substructure
of the same type.
For every pair (S,H) satisfying (A), (B) and (C), let (S,H) be the incidence structure
whose Points are those lines of S which intersectH in a point, whose Lines are those subgrids
(nine points, six lines) of S which intersect H in a line, and whose incidence relation is the
natural one, i.e., a line of S is incident with a subgrid of S if and only if it is contained in it.
Let us now phrase the main result of the paper.
MAIN RESULT. Let (S1,H1) and (S2,H2) be two pairs satisfying (A), (B) and (C). If
(S1,H2) and (S2,H2) are isomorphic, then also S1 and S2 are isomorphic.
2. PROOF OF THE MAIN RESULT
Let θ denote an isomorphism from (S1,H1) to (S2,H2). Let di (·, ·) denote the distance
in Si , i ∈ {1, 2}. The proof happens in several lemmas.
LEMMA 1. Two Points K and L of (Si ,Hi ), i ∈ {1, 2}, are parallel regarded as lines of
Si if and only if the distance between K and L in (Si ,Hi ) is equal to di (K ∩Hi , L ∩Hi ).
PROOF. If K and L are two Points of (Si ,Hi ), i ∈ {1, 2}, then di (K , L) = di (K ∩
Hi , L ∩ Hi ). If K and L are parallel, then, since there exists a path x0, . . . , xk of length
K := di (K , L) connecting points x0 ∈ K \ Hi and xk ∈ L \ Hi , there also exists a path γ
of length k in (Si ,Hi ) connecting K and L (e.g., take γ = x0pi(x0), . . . , xkpi(xk)). This
proves one direction of our lemma. Conversely, suppose that the distance between K and L
in (Si ,Hi ) is equal to k = di (K ∩Hi , L ∩Hi ). Then di (p, L) ≤ k for every point p on K .
Since di (K , L) = k, di (p, L) = k for every point p on K . Hence K and L are parallel. 2
LEMMA 2. There exists an isomorphism µ from H1 to H2 such that µ(K ∩H1) = θ(K )∩
H2 for every Point K of (S1,H1).
PROOF. Let i ∈ {1, 2}. Call two Points K and L of (Si ,Hi ) equivalent if they intersect
Hi in the same point. We show that two Points K and L of (Si ,Hi ) are equivalent if and
only if 01(K ) ∩ 01(L) contains two collinear Points of (Si ,Hi ). The quad Q through
two equivalent Points K and L intersects Hi in a line {a1, a2, a3} with {a1} = K ∩ L . If
Mi , i ∈ {2, 3}, denotes any line of Q through ai different from Q ∩Hi , then M2 and M3 are
two collinear Points in 01(K ) ∩ 01(L). Conversely, suppose that M and N are two collinear
Points in 01(K ) ∩ 01(L). Since K ∩ Hi , M ∩ Hi and N ∩ Hi are three mutually collinear
points, K ∩Hi is the unique third point on the line through M ∩Hi and N ∩Hi . Since the
same holds for L ∩Hi , K and L are equivalent Points in (Si ,Hi ).
If K denotes an arbitrary Point of (S1,H1) intersecting H1 in a point x , then we put
µ(x) := θ(K )∩H2. We show that µ is well-defined. If K ′ denotes another Point of (S1,H1)
through x , then 01(K ) ∩ 01(K ′) contains two collinear Points of (S1,H1). Since θ is an
isomorphism, 01(θ(K )) ∩ 01(θ(K ′)) contains two collinear Points of (S2,H2). As a con-
sequence θ(K )∩H2 = θ(K ′)∩H2. Clearly, the map µ is compatible with the collinearity of
the near polygons Si (i = 1, 2). 2
LEMMA 3. Two Points K and L of (S1,H1) are parallel regarded as lines of S1 if and
only if θ(K ) and θ(L) are parallel.
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PROOF. By symmetry, we only need to prove one direction. So, suppose that K and L
are parallel, then, by Lemma 1, the distance between K and L in (S1,H1) is equal to
d1(K ∩H1, L ∩H1). Since both θ and µ are isomorphisms, the distance between θ(K ) and
θ(L) in (S2,H2) is equal to d2(µ(K ∩H1), µ(L ∩H1)) = d2(θ(K )∩H1, θ(L)∩H1). By
Lemma 1, θ(K ) and θ(L) are parallel. 2
Let (x, y) denote a pair of opposite points in H1 (i.e., d1(x, y) = d − 1), let A denote an
arbitrary Point of (S1,H1) through y, let B1, . . . , Bk denote all the Points of (S1,H1)
through x , and let a1 and a2 denote arbitrary points of A \ H1 and θ(A) \ H2, respectively.
For every permutation φ of {1, . . . , k} let µφ denote the following bijection between the point
sets of S1 and S2.
• For every point z of H1, let µφ(z) := µ(z);
• For every point z of S1 \H1, take the smallest i ∈ {1, . . . , k} such that zpi(z)‖Bφ(i), and
let z′φ denote the unique point of Bφ(i) nearest to z. Since each line of S2 has exactly
three points, there exists a unique point z′′φ on θ(Bφ(i)) \ H2 for which d1(z′φ, a1) =
d2(z′′φ, a2). By Lemma 3, θ(Bφ(i))‖ θ(zpi(z)). The point µφ(z) is now defined as the
unique point of θ(zpi(z)) nearest to z′′φ .
LEMMA 4. All the k! maps µφ are equal.
PROOF. Let u and v be two collinear points in 0d(x) and suppose that all the k! points
µφ(u) are equal. Let w denote the third point on the line uv.
There are three possibilities.
(a) If w ∈ H1, then µφ(v) is the unique point of θ(uv) different from µ(w) and µφ(u).
(b) If w /∈ H1, and wpi(w)‖Bφ(1), then u′φ = v′φ is the unique point of Bφ(1) nearest to w.
Hence u′′φ = v′′φ . Since θ(wpi(w))‖ θ(Bφ(1)), µφ(u) and µφ(v) are the unique points of
θ(upi(u)) and θ(vpi(v)), respectively, collinear with µφ(w). Since the lines θ(wpi(w)),
θ(upi(u)) and θ(vpi(v)) are contained in a grid, µφ(v) is the unique point of θ(vpi(v))
collinear with µφ(u).
(c) If w /∈ H1, and wpi(w) is not parallel with Bφ(1), then uv‖Bφ(1). Hence u′φ 6= v′φ
and u′′φ 6= v′′φ . Since θ(wpi(w)) and θ(Bφ(1)) are not parallel, the unique line through
µφ(u) intersecting θ(wpi(w)) and θ(vpi(v)) is parallel with θ(Bφ(1)). The point µφ(v)
necessarily lies on the intersection of this line with θ(vpi(v)). Hence µφ(v) is the unique
point of θ(vpi(v)) collinear with µφ(u).
In each of the three considered cases, µφ(v) does not depend on φ. Since 0d(x) is connected
(Corollary on p. 156 of [3]) and µφ(a1) = a2 for every permutation φ, µφ(z) does not depend
on φ for every z ∈ 0d(x).
Suppose now that u is a point of S1 with the property that µφ(u) is independent of φ, and let
v be an arbitrary point collinear with u on a shortest path from u to x . We will also prove that
µφ(v) is independent of φ. This trivially holds if v ∈ H1. Suppose therefore that v /∈ H1, then
the line uv is disjoint from H1. For every permutation φ of {1, . . . , k}, another permutation φ¯
of {1, . . . , k} can be defined in the following way: take the smallest i ∈ {1, . . . , k} such that
Bφ(i)‖vpi(v) and choose φ¯ such that φ¯(1) = φ(i). Since v′φ = u ′¯φ and v′′φ = u′′¯φ , µφ(v) is the
unique point of vpi(v) collinear with µφ¯(u). Hence µφ(v) is independent of φ.
Now, let w denote an arbitrary point of S1. By [3], there exists a path γ of length d −
d1(x, w) between w and a point w′ of 0d(x). We already know that µφ(w′) is independent of
φ. It follows by induction that µφ(r) is independent of φ for every point r on γ . In particular,
µφ(w) is independent of φ. This proves our lemma. 2
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Put µ := µφ with φ any permutation of {1, . . . , k}.
LEMMA 5. If u and v are collinear points of S1, then µ(u) and µ(v) are collinear points
in S2.
PROOF. We may suppose that the line uv is completely contained in S1 \ H1. Let w be
the unique point of uv nearest to x , and let φ be a permutation of {1, . . . , k} such that
Bφ(1)‖wpi(w). Then u′φ = v′φ is the unique point of Bφ(1) nearest to w. Hence u′′φ = v′′φ .
Following a similar reasoning as in the proof of Lemma 4, case (b), we immediately see that
µφ(u) and µφ(v) are collinear. 2
Since the collinearity graphs of S1 and S2 are isomorphic, S1 and S2 themselves are iso-
morphic. (Note that there is a bijective correspondence between the lines of a near polygon
and the maximal cliques of its collinearity graph.) This proves our Main Result.
3. APPLICATIONS
In Section 7 of [2] all near hexagons with three points per line and quads through every
two points at distance 2 were determined. For two of these near hexagons we will give a sur-
prisingly easy proof for the uniqueness by relying on our Main Result. Unlike in [2], where
the proof for the uniqueness uses group theory, our proof is purely geometric. The two exam-
ples below also show that our Main Result might be a useful tool in the classification of near
2d-gons, d ≥ 4, with three points per line.
(I) With a set X of size 8, there is associated the following near hexagonA1: the points ofA1
are the partitions of X in four sets of size 2; the lines of A1 are the partitions of X in two sets
of size 2 and one set of size 4; a point x is incident with a line L if and only if x is a refinement
of L (regarded as partition). By [2], A1 is the unique near hexagon S with three points per
line and with every local space isomorphic to the unique linear space L1 on six points with
four lines of size 3 and three lines of size 2 (i.e., a Fano plane with one point removed). The
uniqueness of S will also follow from our Main Result and Lemma 6. Since every point of L1
is contained in a unique line of size 2, every line of S is contained in a unique quad-grid. In
L1, every line of size 3 meets every other line; hence, every quad isomorphic to W (2) is big.
Let Q denote an arbitrary quad isomorphic to W (2), and let C1 denote the incidence structure
whose points are the flags of Q and whose lines are the triples of one of the following two
types:
(i) triples of the form {(x, K ), (y, K ), (z, K )} with K = {x, y, z} a line of Q,
(ii) triples of the form {(L ∩ K , L), (M ∩ K , M), (N ∩ K , N )} with K , L , M and N four
distinct lines of Q such that K = (L ∩ K ) ∪ (M ∩ K ) ∪ (N ∩ K ) and N /∈ {L , M}⊥⊥.
The incidence of C1 is the natural inclusion.
LEMMA 6. The incidence structure (S, Q) is isomorphic to C1.
PROOF. Every Point A of (S, Q) is contained in a unique quad-grid G A intersecting Q
in a line A′. We identify A with the flag (A ∩ Q, A′) of Q. Since every line of Q is contained
in a unique quad-grid, every flag of Q corresponds to a unique Point of (S, Q). Now, let
G be a subgrid of S intersecting Q in a line K , and let A, B and C be the three Points of
(S, Q) incident with G. The three Points A, B and C give rise to a triple of flags. If G is a
quad, then A′ = B ′ = C ′ and we obtain a triple of type (i). Suppose that G is not a quad. The
reflection C ′′ of A′ around B ′ is contained in a unique big quad R different from Q. Since
there is only one quad-grid through B ′, G B is the reflection of G A around R, or equivalently,
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the reflection H of G A around G B is a subgrid of R. Since H contains the lines C and C ′′,
R is the unique quad through C and C ′′. Since GC is the unique quad through C and C ′, we
necessarily have that C ′ 6= C ′′. Since C ′′ ∈ {A, B}⊥⊥, the triple {(A ∩ Q, A′), (B ∩ Q, B ′),
(C ∩ Q,C ′)} is of type (ii). The lemma now follows since there are as many triples of type (i)
or (ii) as there are Lines in (S, Q). 2
(II) Although the following near hexagon was first constructed by Aschbacher [1], we take
the description from [2]. Let the 6-dimensional vector space V (6, 3) over GF(3) be equipped
with a nonsingular quadratic form of Witt-index 2, and let N be the set of 126 projective
points of norm 1. The points and lines of the near hexagon A2 are the 6-tuples and pairs,
respectively, of mutually orthogonal points in N , with inclusion as incidence. By [2], A2 is
the unique near hexagon S with three points per line and with every local space isomorphic to
the linear space L2 whose points are the 15 points of W (2), and whose lines are the lines and
ovoids of W (2). The uniqueness of S will also follow from our Main Result and Lemma 7.
Since each point of W (2) is contained in two ovoids, every line of S is contained in two quads
isomorphic to Q(5, 2). Since every ovoid of W (2) intersects every line and ovoid of W (2),
every quad isomorphic to Q(5, 2) is big. Let Q denote an arbitrary Q(5, 2)-quad is S, and let
C2 denote the incidence structure whose points are the pairs (x, {K1, K2}) where (x, K1) and
and (x, K2) are two different flags of Q, and whose lines are the pairs (N ,R) with N a line
of Q and R a proper subquadrangle of Q through N . A point (x, {K1, K2}) is incident with a
line (N ,R) if and only if the following conditions are satisfied:
(i) x ∈ N ,
(ii) K1 and K2 are lines of R,
(iii) K1 6= N 6= K2 if R ' W (2).
LEMMA 7. The incidence structure (S, Q) is isomorphic to C2.
PROOF. Every Point K of (S, Q) is contained in two big quads Q1 and Q2 intersecting
Q in the respective lines K1 and K2. Clearly Qi , i ∈ {1, 2}, is the only big quad through Ki
different from Q, and K = Q1 ∩ Q2. Hence, the map θ : K 7→ (K ∩ Q, {K1, K2}) is a
bijection between the point sets of (S, Q) and C2. Now, let G be a subgrid of S intersecting
Q in a line N , and let K , L and M be the three Points of (S, Q) incident with G. If G is
(properly) contained in a big quad, then we may suppose that K1 = L1 = M1 = N . If Q A,
A ∈ {K , L , M}, denotes the big quad through A and A2, then the reflection of QK around
QL is equal to QM . Hence K2, L2 and M2 are contained in a subgrid R of S. Suppose now
that G is a quad. As before, the reflection of Ki , i ∈ {1, 2}, around L j , j ∈ {1, 2}, belongs
to {M1, M2}. This proves that K1, K2, L1, L2, M1 and M2 are contained in a subquadrangle
R isomorphic to W (2). We have just shown that the incidence is preserved by θ . The lemma
now follows since (S, Q) and C2 have the same number of lines. 2
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